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ABSTRACT: A mechanical polymer model including hydrodynamic-interaction and excluded-volume effects
is used to predict universal rheological and diffusive properties of dilute polymer solutions. For steady shear
flow, explicit expressions for the shear-rate-dependent hydrodynamic-interaction contribution to the stress
tensor and polymer diffusion tensors are obtained by employing a perturbation scheme. In the limit of long
chains, these contributions are calculated systematically by using renormalization-group methods. The
universal shear-rate-dependent predictions for the polymer contribution to the viscosity, the first normal-
stress coefficient, the ratio of the second to the first normal-stress coefficient, and the polymer diffusion
tensor are presented and discussed for good and for © solvents.

I. Introduction

Many properties of dilute solutions of linear polymers
are independent of chemical details when expressed in
suitably rescaled units.! For example, when the polymer
contribution to the steady shear flow viscosity divided by
its zero-shear-rate value is plotted as a function of shear
rate times the longest polymer relaxation time, the curves
for various polymer-solvent systems coincide (the product
of shear rate and longest relaxation time corresponds to
the reduced shear rate commonly used by experimental-
ists). Such universal curves are affected only by a very
few, general characteristics of the polymer-solvent systems
such as the solvent quality. Itisthe purpose of this paper
to calculate the universal rheological and diffusive prop-
erties of dilute polymer solutions undergoing steady shear
flow for both good and © solvents. The theoretical
predictions are presented in a form that allows direct and
convenient comparison with experimental results.

The theoretical investigation in this paper is based on
the Rouse model23 in which the solvent is treated as a
Newtonian liquid and the polymers are represented as
linear chains of identical beads joined by Hookean springs.
Two additional effects that are believed to determine the
properties of dilute solutions and that are neglected in the
traditional Rouse model are then incorporated into the
model: hydrodynamic interaction and excluded volume.
The hydrodynamic interaction is a consequence of the
disturbance of the solvent velocity field caused by the
bead motion and is hence always present in dilute solutions.
The excluded-volume interaction between any pair of
polymer segments coming close to each other in space
affects the properties of polymers in good solvents. By
reducing the temperature and thus making the solvent
quality worse, one can reduce the effect of excluded-volume
interactions between different segments of a polymer; at
the so-called © temperature the excluded-volume effect
is, roughly speaking, switched off, and the properties of
© solutions are determined by hydrodynamic interaction
alone. We therefore present the theoretical results for
the models with both hydrodynamic interaction and
excluded volume (good solvents) and with hydrodynamic
interaction alone (© solvents).
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Since we refer the reader to previous paperst® for a
detailed description of the formulation of the hydrody-
namic-interaction and excluded-volume effects, we only
summarize here the basic steps and ideas underlying our
calculations.

(1) Both hydrodynamic interaction and excluded volume
are very complicated, nonlinear effects. If one wants to
avoid mean-field-type calculations and computer simu-
lations, the natural tool for attacking these problems is
perturbation theory. Alltheresults presented inthispaper
are based on first-order perturbation theory in the
parameters characterizing the strength of the hydrody-
namic and excluded-volume interactions.

(2) In constructing the perturbation theories of hydro-
dynamic interaction and excluded volume in three di-
mensions, it turns out that the parameters characterizing
the strength of the hydrodynamic-interaction and excluded-
volume effects are both proportional to Nyl/2, where Ny
is the number of beads in a Rouse chain.%!® When
constructing a perturbation theory for long chains, ex-
pansion parameters proportional to Ny'/2 are fatal, and
the question comes up: how, if at all, can hydrodynamic
interaction and excluded volume be treated by pertur-
bation theory? The key observation for making pertur-
bation theory applicable is that in d > 3 space dimensions,
where d does not need to be an integer, the probability of
contacts between different polymer segments decreases
and disturbances of the solvent-velocity field decay more
rapidly; in other words, the strength of both hydrodynamic-
interaction and excluded-volume effects is reduced in d
> 3 dimensions. In fact, for d = 4 — ¢ the parameters
characterizing the strength of hydrodynamic interaction
and excluded volume are both proportional to N¢*/2, and
perturbation theory becomes a useful tool for small ¢, that
is, near four dimensions.*” This is why the perturbation
calculations presented here are performed in d-dimensional
space.

(3) In order to describe high-molecular-weight polymers
by a bead-spring model, one can arbitrarily introduce
beads consisting of say 50, 100, or 200 monomers. If the
model is to be useful in spite of this arbitrariness, all these
choices should lead to the same physical results provided
that the number of beads and the hydrodynamic-
interaction and excluded-volume parameters are corre-
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spondingly redefined in changing the size of the beads.
This renormalization of the model parameterst511.12 i a
fundamental and natural step in the calculations; this step
is inevitable and nontrivial because hydrodynamic inter-
action and excluded volume between different, small beads
must eventually be incorporated into the renormalized
parameters characterizing the properties of a single, larger
bead when modeling the polymer chains by using pro-
gressively larger beads. In a practical calculation of the
renormalization factors, it is convenient to choose the ratio
of the sizes of the larger to smaller beads infinitely large,
and in doing so also the corresponding renormalization
constants occurring in the calculations become infinitely
large. However, in the final results all singular terms are
eliminated.

In proceeding from smaller to larger beads and renor-
malizing the model parameters, the hydrodynamic-
interaction and excluded-volume parameters approach
well-defined values, the so-called fixed-point values of the
hydrodynamic-interaction and excluded-volume param-
eters.#® High-molecular-weight polymers can be repre-
sented by model chains with beads consisting of a large
number of monomers or smaller beads, and the large beads
are hence characterized by the fixed-point hydrodynamic-
interaction and excluded-volume parameters. As a con-
sequence, the predictions of the properties of high-
molecular-weight polymers are independent of any
adjustable model parameters, that is, universal.

Since the fixed-point values of the hydrodynamic-
interaction and excluded-volume parameters? are pro-
portional to ¢, the perturbation theory of hydrodynamic-
interaction and excluded-volume effects turns out to be
an expansion in the parameter . To obtain results for d
= 3 from the ¢ expansion one must use an expansion
parameter of order unity rather than the divergent
expansion parameters in the original perturbation theory
ford = 3.

(4) All the calculations in this paper are based on first-
order perturbation theory. However, there exists amethod
for refining the first-order perturbation results by adding
higher order contributions. The addition of higher order
terms, which is of course by no means unique, is governed
by the requirement that the results should exhibit a power-
law dependence on chain length as required by very general
considerations discussed elsewhere.#® The first-order
perturbation theory results alone do not fulfil this re-
quirement; however, by exponentiating the first-order
results (thus adding higher order corrections) the require-
ment may be fulfilled.

In summary, calculation of the results presented in this
paper is based on first-order perturbation expressions for
the desired quantities in d dimensions which are then
expressed in terms of renormalized parameters and refined
by exponentiation.

The outline of this paper is as follows. In the next
section, we briefly summarize the basic model equations.
As an illustrative example we then discuss the procedure
of calculating the diffusion tensor for the polymers in
steady shear flow and present the results (section III). In
section IV, we determine the shear-rate dependence of
the viscometric functions and present detailed results. A
brief summary concludes the paper. Detailed information
about the evaluation of the first-order perturbation theory
contributions at finite shear rates may be found in the
Appendix. Readers interested only in the universal
predictions for the shear-rate dependence of the visco-
metric functions for dilute polymer solutions may skip
directly to section IV.B (the results are summarized in
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Table I) and should, however, be aware of the limitations
of the model discussed in section V.

II. Model Equations

The starting point for the discussion of the rheological
behavior of dilute polymer solution in this work is the
Rouse modell3 in d-dimensional space. In that model,
the polymers are represented by linear chains of Ny
identical, spherical beads connected by Ny - 1 Hookean
springs with spring constant H. For the vector Q; pointing
from the bead k to the bead k + 1 one usually writes Q
=TI+~ Ty, Wherery, ro, ..., ry,are the bead-position vectors
with respect to a laboratory-fixed, rectangular, d-dimen-
sional coordinate frame. The solvent, which is modeled
as an incompressible Newtonian fluid completely char-
acterized by its viscosity n,, is assumed to undergo
homogeneous flow; that is, the velocity field v(r) is of the
form v(r) = x-r. In this paper we restrict ourselves to the
study of simple steady shear flow for which the tensor «
(in a laboratory-fixed, rectangular, d-dimensional coor-
dinate system) has the matrix representation «;; = 3102,
where v is the constant shear rate and §;; is the Kronecker
delta function.

In conventional polymer kinetic theory® the dynamics
of a single polymer chain are described by the “diffusion
equation”. For homogeneous flows, it is reasonable to
assume that the dynamics of the internal configurations
of the polymer in dilute solution are independent of the
location of the center of mass. Therefore, the solution of
the d-dimensional “diffusion equation”, the configurational
distribution function for the Rouse model chains, depends
on the Ny — 1 connector vectors Q only. One can
immediately deduce that in steady shear flow the distri-
bution function of the Rouse model is a Gaussian function
of the connector vectors with zero mean values and second
moments given by®

kgT
(QQy) = —I?_—I—[a,kl + 20 Cipk + &T) + 80 2C; k] (1)

where kg is Boltzmann’s constant, T is the absolute
temperature, and the (Np - 1) X (No - 1) matrixCj, = min
(,k) - jk/ Ny is the usual Kramers matrix (C2is the second
power of the Kramers matrix). The often-used time
constant Ay = {o/ (4H) is proportional to the bead-friction
coefficient {o, and the angular brackets on the left-hand
side of (1) denote an ensemble average. Onthe other hand,
switching from the connector vectors Q. to the difference
vectors r,, = r, - r,, which are sums of the connector
vectors,r,, = Z}‘-';iQ ! (v> u),onefinds that the distribution
of r,, is also Gaussian with zero mean value and the co-
variances

~ _ H (r,r,)
Tuw kgT |u-v|
=1+ Mgl + «DSY + 22wk "82 @

The auxiliary matrices Sf":‘) occurring in (2) are defined as
follows:

om max(u,»)-1
(m) -
By

m 3
|”' - V'j,k-min(u,u)

where C7, is the mth power of the Kramers matrix.

The R‘Jouse model, which is an exactly solvable model,?
neglects two important physical effects that should be
included in a dynamical theory of dilute polymer solutions:
hydrodynamic-interaction and excluded-volume effects.
For long polymer chains near four dimensions perturbation
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theory can be employed to investigate both the hydro-
dynamic and excluded-volume interactions and so to
incorporate these effects into the model.®7 In fact, in
constructing a perturbation theory expansion of the
hydrodynamic interaction in d = 4 ~ ¢ dimensions for long
chains, the quantity {3No*/2 has been found to be the
natural expansion parameter,® whereas the expansion
parameter in the perturbation theory of excluded-volume
effects is vg/Ng*/2, where vy is the excluded-volume
parameter.” The occurrence of the factor Ny*/2 in these
expansion parameters indicates that for consideration of
the long-chain behavior it is crucial to perform the
calculations in d = 4 - ¢ dimensions. In the following
sections we construct a first-order perturbation theory of
the hydrodynamic-interaction and excluded-volume ef-
fects for nonvanishing shear rate. All averages occurring
in these first-order equations require the Gaussian con-
figurational distribution function of the Rouse model
characterized by the above-mentioned second moments
(1) or (2).

Since we expect the observable quantities to be inde-
pendent of the precise definition of the beads in the
mechanical model, we replace the parameters {, and v
which are associated with the beads by the dimensionless
parameters £ and ug defined as usual:41!

Sl kT /21
Eo=‘2(%') L @
ko T\ (/22
Up = UO('%I_) L (5)

Inthese equations, L is adimensionless, phenomenological
parameter. One may regard L1/2 as the size of a polymer
segment that consists of a large number of beads, and &,
and ug as the hydrodynamic-interaction and excluded-
volume parameters associated with such a segment.

II1. Diffusive Properties

In order to illustrate the way in which renormalization-
group calciilations of the hydrodynamic-interaction effects
at, finite values of the shear rate can be performed, we
discuss in this section the polymer contribution to the
diffusion tensor. We outline the general idea of the
method, leaving the calculational details to the Appendix.
The results are presented in subsection IIL.B.

A. Diffusion Tensor. In the presence of a homoge-
neous flow field v(r) = «-r the diffusive properties of
polymers depend on the direction relative to the charac-
teristic directions of the flow field and hence need to be
characterized by a tensor rather than by a scalar coefficient.
A possible definition of the diffusion tensor D associated
with the mobility of polymers in the presence of external
forces is related to the average velocity of the center of
mass, rey, caused by an external force, Fe:

d - 1 e
Et—{rcm) = k(P + kBTDF (6)

The diffusion tensor D can be obtained experimentally
by measuring the relative velocities caused by an external
force on the polymers in a dilute solution. Notice that in
previous works on translational diffusivity of polymers in
dilute solution (cf. refs 13-15) also diffusion tensors
associated with the Brownian motion and the time
evolution of polymer mass concentration gradients in
flowing solutions are calculated. One important result of
these investigations is that in nonequilibrium situations
the Nernst-Einstein relation does not hold.
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If one adopts the definition (6) to the first-order
perturbation theory of the hydrodynamic-interaction and
excluded-volume effects, then one finds no first-order
corrections to the diffusion tensor due to excluded-volume
interactions; the resulting corrections to the usual isotropic
Rouse result stem from hydrodynamic interaction only:8

ke T & Mo
D=—B—(1+—°Z @, )
§‘ON0 0‘:2‘:»1

where Q,, = Q(r, - r,) is the d-dimensional Oseen tensor
describing the hydrodynamic interaction between beads
u and v. In d dimensions the Oseen tensor can be
constructed by solving the linearized, d-dimensional
Navier-Stokes equation under the assumption that the
solvent relaxation is very fast compared to polymer
relaxation processes:*

1 1 kk\ ikr
(2W)dfddkm(l - ?)e k (8)

where & is the length of the vector k and fd%k =
[1¢_, fdk, denotesad-dimensional integral over all space.

Qr) =

The perturbation expansion (7), required as input for
a renormalization-group (RG) analysis of the diffusion
tensor, holds for arbitrary values of the shear rate. At
equilibrium, this perturbation theory is found to develop
(1/¢) singularities for long chains (Ny — «) near four
dimensions.!! Such divergences are related to the am-
biguity in the definition of the beads and indicate that a
renormalization of the model parameters is necessary. To
this end, in the RG treatment bare model parameters Ny
and &; are replaced by the renormalized parameters:

N=ZyN,/L ©)
£=27,k (10
u=2Zu, (11)

Although the expression (7) for the diffusion tensor is not
modified by excluded-volume effects, we here study also
the renormalization of the excluded-volume parameter u.
(The reason for this will become clear later in this
subsection.) For a suitable choice of the renormalization
constants Zy, Z;, and Z, defined by (9)~(11), the (1/¢)
singularities in the first-order expansion in £ and u can be
removed from the expressions for all observable quantities.
At equilibrium, the renormalization constants canceling
all divergences to first order in £ and u are well-known#*

1

2%
Z,=Z 0w =1-—2¢- Ly (19)
8r%e  2rlc
Z,=Z,w=1-2u (14)
mTE

However, since we are interested in the nonequilibrium
diffusion, the question arises as to whether these equi-
librium constants, and thus the renormalization procedure,
are affected by the presence of shear flow. A careful
discussion of the occurring singular terms® shows that for
finite values of the reduced shear rate of the Rouse model

NOZ{O.
Bo=Tom?

there are no additional (1/¢) singularities apart from those
already present at equilibrium. Therefore, to first order

(15)
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in £ and u and for arbitrary values of 8o, all appearing
singularities are eliminated after introducing the renor-
malized parameters N and ¢ formed with the equilibrium
renormalization constants (12) and (13).

After inserting the renormalized parameters N and ¢
into (7), one finds the final, renormalized, first-order
perturbation theory results for the diffusion tensor in
steady shear flow:

el ko \2
D=:;(LL) i1+—3§-[1n(21rN)-%]1+

H ENU - 16n°
3% [y, fldyH(l + hyx) &+ &T) + hyxy)ek?) - 1;
32x?V0 0 lx -

(16)

where the hydrodynamic-interaction function His closely
related to the average of the Oseen tensor required in (7)
and the functions hy(x,y) and hg(x,y) correspond for Ny

— o to the matrices 3 and S

hae) = 3=yl + ) -2lx -y -+ an

and
hy(x,y) = 3|« -yI%Ix -y|3-8(* + y°) - Bay(x + y) +
(x + )22+ 2 + 2)’ (18)

The tensor x corresponds to « with ~ replaced by the
reduced shear rate 8 = n,v/nkgT frequently used in
experimental investigations of polymer rheology. Here
np is the polymer contribution to the viscosity, and n
denotes the number density of polymers. Because of the
facts that (i) the reduced shear rate occurs only in the
first-order perturbation-theory contribution and (ii) we
perform all calculations to first order in ¢ only, it is
permissible to use the reduced shear rate 8 of the Rouse
model when evaluating the double integral in (16).
Following the discussion above, we separate in (16) the
isotropic Rouse and equilibrium contributions in the first
line of (16) from the nonequilibrium contribution which
is represented by the double integral in (16). In order to
calculate this integral we need a representation of the
hydrodynamic-interaction function

H(o) = W dgl__lz)fddk-}:—z(l - !;—];5) exp(- %ka(llrg))

in d = 4 dimensions where ¢ denotes a second-rank tensor
and for the evaluation of the integral in (16) we have ¢ =
1 + h(x,y)(x + «T) + ho(x,y)xkT. From our detailed
calculation summarized in the Appendix, the needed
explicit representation of H in four dimensions can be
derived (cf. eq B1). We skip this technical point here and
note instead two important properties of the representation
(B1) of H: (i) at equilibrium (8 = 0) the function H is
normalized to H(1) = 1 and hence the double integral in
(16) vanishes; (ii) for any arbitrary value of 8 the
representation of the function H is a function of x, y, and
B and may be evaluated analytically. In conclusion, if one
is interested in obtaining the nonequilibrium first-order
perturbation-theory contributions to the diffusion ten-
sor, one may calculate the double integral occurring in
(16) numerically, which can be accomplished by standard
methods, such as Simpson’s rule.

For presenting the results for the diffusion tensor in a
convenient manner, we transform the first-order pertur-
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bation result (16) into a shear-rate-dependent rectangular
coordinate system C in which the hydrodynamic-inter-
action function H is diagonal. Therefore, in that coor-
dinate system the diffusion tensor will be completely
characterized by its principal values. As pointed out in
the Introduction, for long chains one expects the diffusion
tensor to be proportional to a certain power of the number
of segments N. Since such a power-law dependence is
incompatible with the diagonalized first-order expression
for the diffusion tensor, one usually exponentiates first-
order results like the diagonal representation of (16). Upon
diagonalizing (16), exponentiating, and normalizing to zero-
shear-rate values, one obtains the universal RG result for
the diffusion tensor:

D(8) 3% (1, (1
DfO) exD{32w2 o dx fy o x
HEL+ hy(e )G + &0 + hyey)ea® - 1]
(20)
ERE] )

where D;C and HC are the principal values of the diffusion
tensor and the hydrodynamic-interaction function H,
respectively. The particular value £* of the hydrodynamic-
interaction parameter is frequently referred to as the fixed-
point value. As has been pointed out in the Introduction,
the fixed-point values of the renormalized model param-
eters characterize the behavior of long chains. In the
absence of excluded-volume interactions, i.e., u = 0, the
fixed-point value of the renormalized excluded-volume
parameter u* is zero and the fixed-point value of the
hydrodynamic-interaction parameter £* satisfies the equa-
tion Zy(¢*) = 0. Thus, for © solvents we have!

ux=0, ¢*= gr% (21)
For good solvents, the fixed-point values of the hydro-
dynamic-interaction and excluded-volume parameters
must be determined from the following conditions:

Z(g*u*) =0, Z,(u*)=0 (22)
These equations are satisfied by*

u* = %e, £* = 272 (23)
Itisimportant to note that since (22) introduces a coupling
between the renormalized excluded-volume and hydro-
dynamic-interaction effects for long chains, the fixed-point
value £* fo good solvents differs from that for © solvents.
According to (16), the first-order expression for D is not
modified by explicit excluded-volume corrections. Notice,
however, thatsince Ddepends on £, the long-chain behavior
of the RG result (20) characterized by the fixed-point value
&* is nevertheless affected by excluded-volume interac-
tions. Thisis the reason why we need the excluded-volume
parameter in the discussion of this section.

B. Results forthe Diffusion Tensor. Foracomplete
description of the diffusion tensor in three dimensions we
need to give the relationship between the original labo-
ratory-fixed coordinate system and the system C in which
H is diagonal. For steady shear flow the coordinate
system C may be obtained by rotating the laboratory
system by an angle ¢ (0 < ¢ < 7/2) around the 3-axes.
Note that this shear-rate-dependent angle ¢ isindependent
of £; thus an exponentiation procedure is not possible. In
the present subsection, we discuss the shear-rate depen-
dence of the angle ¢ and of the normalized principal values
D€ (i =1,2,3) of the diffusion tensor (20). We investigate
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Figure 1. The angle ¢ characterizing the directions of the
principal axes of the diffusion tensor D vs the reduced shear rate

D(B)/D.50)

00 t+————T—

Figure 2. Normalized principal values D€(8)/D(0) of the
diffusion tensor D vs the shear rate 8 for good solvents. The
continuous, dashed, and dotted curves belong to the 1,2,3
components of D (i = 1, 2, 3) in the coordinate system C,
respectively.

good solvents only, but the corresponding results for 6
solvents may always be recalculated by exploiting eqs 20
and 21, i.e., by raising the good-solvent results to the 4/3
power.

Figure 1 displays our RG result for the angle ¢. Inthe
limit of vanishing shear rate we find ¢ — /4. Over the
entire range of 8 plotted in Figure 1 ¢ decreases mono-
tonically with increasing shear rate. The small values of
¢ at high shear rates indicate that the principal axes of the
diffusion tensor are almost parallel to the axes of the
laboratory coordinate system.

The shear-rate dependence of the normalized principal
values DC(8)/D;f(0) of the diffusion tensor D which
describes the polymer mass flux caused by external forces
is shown in Figure 2. The normalization implies D;(8)/
D(0) = 1 for shear rate zero. For small 3, all principal
values start to decrease monotonically, thus indicating a
reduced diffusivity of polymers in flowing solution. At
any given shear rate, the normalized principal value D¢
associated with the 1-axis is slightly larger than the other
two values, and the normalized results for DsC lie between
the corresponding curves for D;€ and D.C.

With the exception of D;C, we found good qualitative
agreement between the predictions of the RG analysis
and both the consistent-averaging method!4 and the Gauss-
ian approximation!® for Hookean dumbbells. For D;°
the consistent-averaging method and the Gaussian ap-
proximation predict at low shear rates flow-enhanced
diffusion, which is not observed in our RG calculation.

IV. Rheological Properties

We now turn to the study of the shear-rate-dependent
viscometric functions for steady shear flow, which are
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quantities of great experimental interest. We summarize
here the basic steps while keeping details to a minimum.
The results are presented in section IV.B. For a detailed
description of the formulation of the excluded-volume and
hydrodynamic-interaction effects for arbitrary values of
the shear rate, we refer the reader to previous work®3 and
to Appendix B.

A. Stress Tensor and Viscometric Functions. For
polymers modeled as noninteracting, linear Rouse chains
with no internal constraints and suspended in a Newto-
nian solvent, the polymer contribution to the stress ten-
sor 7P for homogeneous flows is given by the Kramers
expression (e.g., Table 15.2-1 or §18.4 of the textbook by
Bird et al.3):

No-1

P =-nH ) (QQ) + (Ny-1nkgTl  (24)
j=1

which is a basic equation of conventional polymer kinetic
theory. In this expression n denotes the number density
of polymers, and a Maxwellian velocity distribution of the
beads is assumed. All required information about the
perturbation of the configurational distribution function
caused by the hydrodynamic-interaction and excluded-
volume effects (which should be used to perform the
average occurring in the Kramers expression for 7P) can
be obtained from the time evolution equation for the
second moments. In a d-dimensional space the form of
the Kramers expression does not change.8 Moreover,
derivations of hydrodynamic equations for dilute polymer
solutions from a system of coupled Langevin equations
for polymer and solvent (CLEPS) lead to a stress tensor
that coincides with the expression (24) keeping only the
lowest order terms in the polymer concentration.lé!?
Therefore, the Kramers expression for the stress tensor
constitutes a starting point for the RG calculation of the
shear-rate-dependent polymer contribution to the viscosity
np and the normal-stress coefficients ¥, and ¥ (cf. eqs
D.5-1 to D.5-3 of the textbook by Bird et al.3):

7'11)2 = _'.Yﬂp (25)
-t =YY (26)
5y~ = Y'Y, @n

Since the influence of the excluded-volume effects on
the shear-rate dependence of the viscometric functions
for dilute polymer solutions is discussed in great detail in
a previous paper (cf. eqs 9 and 15-17 in ref 7), we skip the
discussion of excluded volume until presentation of the
results for good solvent in the following subsection and
concentrate on the evaluation of corresponding expressions
for the hydrodynamic interaction in this subsection.
Actually, in deriving the first-order perturbation theory
expansion, one can treat the effects of hydrodynamic
interaction and excluded volume separately and add the
respective contributions in the end because coupled effects
are of second (or higher) order.

Todetermine the hydrodynamic-interaction corrections
to first order in the strength of the hydrodynamic
interaction, we note that there are two different contri-
butions, which we analyze separately (cf. eqs A7-All in
ref 8). In the first contribution, the hydrodynamic-
interaction tensors are replaced by their averages; thus,
keeping only this contribution corresponds to the self-
consistent-averaging approximation.i® For conveniently
presenting the self-consistently averaged hydrodynamic
interaction in d dimensions, one may use the hydrody-
namic-interaction function H(o) defined in (19). The
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Table I
Results for the Viscometric Functions
good solvents O solvents
8 1p(8)/7p(0) ¥1(6)/ ¥1(0) A ZYA 1p(8) /1p(0) ¥1(8)/ ¥1(0) ¥/ ¥,
0.000 1.000 1.000 —0.00973 1.000 1.000 -0.01298
0.010 1.000 1.000 -0.00972 1.000 1.000 —0.01296
0.032 1.000 1.000 -0.00972 1.000 1.000 -0.01296
0.100 1.000 1.000 -0.00972 1.000 1.000 -0.01296
0.316 0.996 1.000 -0.00936 1.000 1.000 —0.01248
1.000 0.970 0.972 -0.00720 1.000 1.000 -0.00960
1.778 0.934 0.932 -0.00432 1.012 1.018 —0.00576
3.162 0.897 0.891 -0.00108 1.068 1.145 -0.00144
5.623 0.895 0.920 0.00072 1.233 1.584 0.00096
10.000 0.964 1.104 0.00108 1.609 2.855 0.00144
17.783 1,123 1.532 0.00072 2.360 6.407 0.00096
31.623 1.422 2.501 0.00036 3.865 17.798 0.00048

second contribution expresses the fact that it is not
permissible to replace the hydrodynamic-interaction ten-
sors with their averages and thus completely neglect the
configurational dependence of the hydrodynamic-inter-
action tensor; in that sense, the second contribution takes
into account the fluctuations of the hydrodynamic-
interaction tensors around their averages.!® In order to
investigate the effects of fluctuations in the hydrodynamic
interaction, we introduce the d-dimensional forth-rank
tensor Kio):

1 @d-2d+1) a1 ( _313)
T fdkkzkl o

exp (- -12-k-a-k) (28)

K(o) =

where o denotes a second-rank tensor. Useful general
representations of the hydrodynamic-interaction functions
H(s) and K(o) are given in Appendix A, whereas in
Appendix B we present explicit, bare first-order pertur-
bation expansions for the stress tensor required as an input
in a RG analysis.

For the contribution caused by the consistently averaged
hydrodynamic interaction it can be shown that even in
the calculation of the zero-shear-rate polymer viscosity 7,
and the first normal-stress coefficient ¥; the bare cor-
rections (cf. eq B6) diverge like 1/¢ as ¢ approaches zero
and Ny goes to infinity. In addition, it turns out that for
finite values of the reduced shear rate 8y no additional
singularities occur. This observation suggests that for
arbitrary 8o we can renormalize the bare model parameters
$oand N, by replacing them with £ and N formed with the
equilibrium renormalization constants (12) and (13). In
order to investigate the shear-rate dependence of the renor-
malized consistently averaged contribution to 5, and ¥,
we adopt the method described in the previous section for
the diffusion tensor; we separate the equilibrium from the
nonequilibrium contributions and calculate the latter
numerically.

Turning to the contributions due to the fluctuations of
the hydrodynamic interaction (cf. eq B7), we find that for
arbitrary 8o, including 8o = 0, there are no (1/¢) singu-
larities in the long-chain limit. The same holds true for
the consistent-averaging contribution to the second normal-
stress coefficient ¥, in (B6). Therefore, we calculate the
renormalized first-order perturbation theory corrections
to these quantities by replacing the bare parameters {,
and Ny with the renormalized parameters £ and N given
by (10) and (9). The double integrals occurring in the
long-chain limit in the corrections to viscometric functions
related to the fluctuations and the consistent-averaging
contribution to ¥y may be evaluated numerically.

In summary, the final, renormalized, first-order per-
turbation-theory expansion of the hydrodynamic-inter-
action effect for the viscometric functions in steady shear
flow can be evaluated for arbitrary values of 8 using the
equilibrium renormalization constants (12) and (13). The
numerical investigations can be reduced to a two-
dimensional integral that can be performed by standard
integration schemes such as Simpson’s rule.

As has been pointed out in the Introduction, the standard
RG analysis predicts a power-law dependence on N that
isinconsistent with the renormalized first-order expression
for the viscometric functions. We achieve the correct
dependence of the viscometric functions on N by applying
the method discussed in the previous section in connection
with the diffusion tensor, namely, by exponentiating the
renormalized first-order perturbation-theory results of the
hydrodynamic-interaction and excluded-volume effects.
Notice, however, that after expanding the exponentiated
first-order expansion to first order in £ and u, that is,
taking the limit of small £ and u, one recovers the original
first-order expressions. Since one expects a power-law
dependence of 7, and ¥; on N only for very long chains
which are characterized by the particular values £* and
u*, we use the exponentiated first-order expressions only
for these fixed-point values of { and u. Knowing this fact,
one may always recalculate the first-order results from
the final RG predictions, which will be presented in the
following subsection.

B. Results for Good and 6 Solvents. In this
subsection we present the RG predictions for the shear-
rate-dependent rheological properties of dilute polymer
solution undergoing steady shear flow. The results for
the polymer contribution to the viscosity n, and the first
normal-stress coefficient ¥; (normalized to their corre-
sponding zero-shear-rate values) are based on an expo-
nentiated first-order expansion in . We also discuss the
universal ratio of the normal-stress coefficients ¥y/¥;.

Our results for good and © solvents are summarized in
Table I

We start with the reduced polymer contribution to the
viscosity shown in Figure 3. At low values of the shear
rate we observe shear thinning for good-solvent conditions.
This is plausible since the excluded-volume interactions
become less important when the polymer stretching due
to the imposed shear rate decreases. The 0 solution is not
shear-thinned atall. Onthe other hand, the self-consistent
averaging approximation of the Rouse model with hy-
drodynamic interaction!® and even the Gaussian approxi-
mation,!® which accounts for the fluctuations in the
hydrodynamic interactions, predicts for chains consisting
of a finite number of beads a shear-thinning effect at low
shear rates,18:26-28
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Figure 3. Normalized polymer contribution to the viscosity
7p(B)/1,(0) vs the reduced shear rate 8 for © (continuous) and
good (dashed) solvents. The dotted lines represent the asymptotic
behavior of n,(8)/7;(0) in the limit of high reduced shear rates
as found in ref 8.
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Figure 4. Normalized first normal-stress coefficient ¥,(8)/
W¥,(0) vs the reduced shear rate 8 for © {continuous) and good
(dashed) solvents. The dotted lines represent the asymptotic
behavior of ¥,(8)/¥1(0) in the limit of high reduced shear rates
as found in ref 8.

The curves for the universal coefficient of the first
normal-stress difference in Figure 4 show at low shear
rate the same behavior as the polymer viscosity: again the
solution thins for good solvents only. In the high-shear-
rate regime the RG calculation predicts shear thickening.
Both the reduced polymer viscosity and the reduced first
normal-stress coefficient follow a power-law dependence
onreduced shear rate.® Theshear-thickening effect arises
because hydrodynamic interactions are partially switched
off when the polymers become stretched at high shear
rates (the viscosity for long, free-draining chains is much
larger than for non-free-draining chains). The power-law
behavior indicates that this “switching off” is incomplete
and persists to arbitrarily high shear rates. Notice that
for good solvents there are two contributions to the
exponent governing the power-law dependence of the
polymer viscosity and the first normal-stress coefficient
which are of opposite sign: the negative contribution to
the exponent due to excluded-volume effects and the
(larger) positive contribution to the exponent stemming
from hydrodynamic interactions.”® A power law charac-
terized by a positive exponent is at variance with the
prediction of the blob model2® and the conclusions of ref
24 (for a further critical discussion of the high-shear-rate
limit in the RG calculation, see ref 25) and seems to
contradict experimental observation. Anupturnonshear
polymer viscosity and first normal-stress coefficient at
large (but not arbitrarily large) 8 is also observed in
approximate theoretical models for © solvents. 182728
Notice, however, that since the model uses elastic linear
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Figure 5. Ratioof thesecond to the first normal-stress coefficient
W¥y/¥; vs the reduced shear rate 8 for 6 (continuous) and good
(dashed) solvents. The dotted line corresponds to the prediction
of the Rouse model.

springs connecting the beads, it is not clear that our results
should give agreement with experiments at very high shear
rate. Comparison of models including approximately non-
linear spring laws with experimental data indicates that
finite extensibility of the polymer chains is crucial in
describing polymer viscosity at large values of the imposed
shear rate.??

In Figure 5 we plot the universal ratio ¥3/¥;, which
involves the second normal-stress coefficient. Since the
Rouse value of ¥ is zero, the exponentiation of the renor-
malized first-order expansion for ¥; is not possible.
Therefore, in calculating the ratio ¥3/ ¥, the first-order
result for ¥ should, for reasons of consistency, not be
exponentiated either, but rather the lowest order (i.e.,
Rouse) value was used to obtain the curves in Figure 5. In
three dimensions the RG analysis predicts a very small,
negative ratio of the normai-stress differences for long
chains in both 6 and good solvents. Notice that since the
first-order corrections to ¥, due to excluded-volume effects
vanish’ and the ratio ¥4/ ¥, is evaluated by using the Rouse
result for ¥, the solvent quality influences the result for
W,/ ¥ only through the fixed-point value for £ given in
(23). For 83— 0we find results that are small in magnitude
and negative. According tothe Appendix the zero-shear-
rate results for © solvents may be evaluated analytically
and are identical with those found in ref 6. As the shear
rate increases, the magnitude of ¥»/ ¥, decreases, changes
sign at 8 = 4, and reaches a maximum at 8 ~ 9. The
maximum for 6 solvents is slightly larger than for good
solvents. For higher shear rates ¥,/ ¥, decreases and
vanishes at very high shear rates.

Some comparisons should be noted between the results
for ¥,/ ¥, presented here and other approximate (nu-
merical) results for the 6-solvent case. The self-consistent-
averaging approximation!® predicts a positive ratio of the
second to the first normal-stress coefficient at equilibrium.
At intermediate shear it changes its sign and vanishes as
B becomes very large. In contrast, the behavior of ¥o/ ¥,
predicted by the Gaussian approximation for adumbbell?
as well as for a chain model?” is in qualitative agreement
with our RG result. This similarity can be understood
from a formal point of view. Both the RG calculation for
O solvents and the Gaussian approximation are exact to
first order in the strength of the hydrodynamic interaction,
and (if the exponentiation procedure for the RG calculation
is carried out) both account for an infinite number of higher
order corrections. Moreover, at zero shear rate both
methods can be handled analytically, whereas the shear-
rate dependence needs to be calculated by numerical
methods.
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During the preparation of this work a preprint version
of a RG study of rheological properties of dilute polymer
solutions came to our attention.3® In that investigation of
non-Newtonian stress the viscometric functions for good
and © solvents were also calculated. Comparing the
©-solvent curves for the reduced polymer viscosity and
the first normal-stress coefficient from ref 35 to those
presented in Figures 3 and 4, we find good quantitative
agreement. For good solvents, however, the agreement is
only qualitative. In particular, the minimum value of
reduced n;, calculated in ref 35 is ca. 12% lower than the
minimum in Figure 3. Moreover, the minimum value for
reduced ¥; predicted in ref 35 is 57% lower than the
corresponding minimum in Figure 4. The results for ¥,/
V¥, obtained in ref 35 are qualitatively the same as the
curves shown in Figure 5. However, we should point out
quantitative deviations that arise over the entire range of
8. For vanishing shear rates (8 — 0) the result ¥o/¥; ~
-0.03, nearly independent of the solvent quality, has been
found in ref 35. On the other hand, our prediction for
good solvents (still for 8§ — 0) is ¥/ ¥; ~ ~0.0097 and
¥y/¥; ~ —0.0130 in the 6-solvent case. The latter result
is in agreement with the values reported by other inves-
tigations of @ solvents using the RG approach.83¢ Asshown
in Figure 5, the ratio ¥p/¥; reaches a maximum at
moderate 8. The same qualitative behavior of ¥o/ ¥ has
been found in ref 35. However, in contrast to the results
plotted in Figure 5 the maximum value of ¥/ ¥, for good
solvents reported in ref 35is larger than the corresponding
maximum value for © solvents. Since the RG procedure
applied for the calculation of the viscometric functions in
this work uses the same approach as used in ref 35, it is
necessary to resolve the quantitative discrepancies by
carefully examining the difficult calculations and the
numerical results.

V. Summary and Limitations of the Model

One important purpose of this work is to extend the RG
analysis for dilute polymer solutions undergoing steady
shear flow to arbitrary values of the imposed reduced shear
rate. To this end, we explicitly calculate the first-order
perturbation theory corrections of hydrodynamic-inter-
action and excluded-volume effects to the diffusion and
stress tensors. For finite values of the reduced shear rate
B the divergences occurring for long chains near four
dimensions can be removed by introducing renormalized
parameters formed with the renormalization constants
found at equilibrium. Interms of the renormalized model
parameters, the diffusion tensor and the viscometric
functions are regular functions of the friction coefficient
£, the excluded-volume parameter u, the chain length N,
and the reduced shear rate 8. For intermediate reduced
shear rates the shear-rate dependence of the hydrody-
namic-interaction contributions to the viscometric func-
tions has been expressed as a double integral which can
be evaluated by numerical methods. After adding the
corresponding renormalized first-order perturbation ex-
pansions resulting from the excluded-volume effects,’
which are regular functions of the excluded-volume
parameter u, we exponentiate the first-order results and
obtain theoretical predictions for universal rheological and
diffusive properties. The predictions for the reduced
polymer viscosity, the reduced first normal-stress coef-
ficient, and the ratio of the second to the first normal-
stress coefficient for both good and © solvents are
summarized in Table I. Inthe high-shear-rate regime and
for vanishing shear rates our results coincide with the
previously calculated expressions.5-8
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While we have extended the Rouse model toinclude the
hydrodynamic-interaction and excluded-volume effects,
we have completely neglected the effects of finite exten-
sibility of the polymer chains. A generalization of the
elastic (Gaussian) Rouse model to account for these
inelastic spring effects is very difficult, unless restriction
is made to an approximate description of the finite
extensibility of the springs connecting the beads.?32 Two
further effects that might be important in the presence of
shear flow have also been neglected in the model: (i) the
flow modifications of the hydrodynamic interactions and
(ii) the effect of bead inertia. The effect of flow modi-
fication of the hydrodynamic-interaction tensor was
analyzed in ref 20. Rough estimates of this effect based
on ref 21 suggest that for fixed 8 the shear rate v decays
sufficiently fast with increasing N such that flow modi-
fication can be neglected even on the polymer scale.
Although it is difficult to determine the importance of the
bead-inertia effect in a rigorous manner, the following
argument suggests that for fixed, finite reduced shear rate
8 it is permissible to neglect this effect. Noting that 38
describes the effect of the flow on the polymer scale, one
can estimate the effect of the shear flow on the local scale
(the bead scale) by making the shear rate y dimensionless.
To this end, one multiplies v by the time scale for the
corresponding local dynamics, which is independent of
the chain length, and hence this product is small compared
to 8. For the finite but possibly large 8 values considered
in our calculations the effect of shear flow on any local
scale vanishes in the long-chain limit; the bead-inertia
effect should hence be of roughly the same order as at
equilibrium and thus negligible. The limitations resulting
from the above-mentioned effects should be investigated
in more detail. Thus, a systematic calculation based on
the system of coupled Langevin equations for polymer
and solvent (CLEPS)2 would certainly be desirable.

Finally, it should be noted that our starting point for
the RG analysis of universal nonequilibrium properties of
dilute polymer solutions undergoing steady shear flow is
basically conventional polymer kinetic theory generalized
to d space dimensions. To a certain extent, the basic
equation used in conventional polymer kinetic theory can
be justified by CLEPS,3 which are used for RG calculations
of rheological properties, too.3¢ In that sense, the calcu-
lations in this paper may be considered to be based on the
CLEPS, and the results are expected to agree with those
obtained by employing the coupled-Langevin equation
approach.3®
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Appendix

In the following appendices we study the first-order
perturbation theory expansion in the strength of the
hydrodynamic interaction needed for the RG calculations
from a technical point of view. To this end, we discuss in
Appendix A the d-dimensional hydrodynamic-interaction
functions defined by eq 19 and 28 in a more general form.
In Appendix B we summarize the details of the first-order
perturbation contributions to the shear-rate-dependent
stress and diffusion tensors in d dimensions.

A. Hydrodynamic-Interaction Functions. In eval-
uating the first-order perturbation expansion in the
hydrodynamic-interaction parameter for Hookean chains
for arbitrary shear rates, the hydrodynamic-interaction
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functions H(s) and K(s) play a crucial rule. Here we
discuss some properties of these functions and give general
representations for arbitrary symmetric second-rank ten-
sors ¢ in a d-dimensional space.

The function H(s) is, as well as its argument, a positive-
definite, symmetric second-rank tensor and was introduced
in discussing the diffusion tensor. It describes the self-
consistently averaged hydrodynamic interaction in d
dimensions. On the other hand, the fluctuations in the
hydrodynamic interaction are closely related to the fourth-
rank tensor K(s). In d = 3 dimensions there exists an
explicit representation of the function H(s) in terms of
elliptic integrals in a coordinate system C in which o is
diagonal.32 However, a representation of the function K(o)
is still unknown. We now construct a representation of
the hydrodynamic-interaction functions in an arbitrary
coordinate system by evaluating the integrals appearing
in (19) and (28) for arbitrary dimension d = 3.

In the first step we consider the integral

8) =

d 1
- )d AL kk—% exp(- gkok]l  (AD)
where s =2 1. For s = 1 one finds that (apart from a
d-dependent prefactor) F® corresponds to the isotropic
part of the hydrodynamic-interaction function H(o) de-
finedin (19). We express 1/k% in terms of the I function,
whichisgivenby I'(s) = f gduu®' exp(-u). By performing
a substitution one has the identity

1 _ 1 (e, 1.,
ﬁ = I‘(s)2“‘£’ du 1exp(— §k u) (A2)

Inserting this expression into (A1) and interchanging the
order of the k and u integrations, we obtain

s—lfddk X
1

“du
I(s)2°Y0%  Vdet A

where we set A = lu + ¢. We now want to show that the
remaining nonisotropic terms in the hydrodynamic-
interaction functions H(ec) and K(e) can be evaluated in
the same manner. To this end, one derives in the general
case the identity

ol 1
{ 4%k £(k) exp| - keok | =
k% 2

8) = 1
(2w)d/2r(s)2sf°

-1

1 (A3)

exp(-— %k-(lu + a)-k)l =

(27',)d/2
1 & e st of (k)
frdu— Aa,,,“( (Ad)
T@281"" Vet A Oks [ 4
wherea,8=1,2,...,d and the function f(k) is a polynomial.

The angular brackets in A4 denote a Gaussian momentum
average that should be performed with the covariance (in
momentum space) A-l. To obtain this result, (A2) has
been inserted and we have changed the integration order.
Finally, the following general decomposition rule for the
moments of a Gaussian distribution has been used:

3t (k)
(k f(k)) = Z<k k,,>< ) (A5)
g=1 kg

From (A4) and (A3) the various terms occurring in (19)
and (28) can be constructed by a suitable choice of the
function f(k).

For odd dimensions d the integrals involved in the
functions H(o) and Ki(o) are closely related to elliptic
integrals in the form proposed by Carlson3! and need to
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be evaluated numerically. For this numerical calculation
the representation of the hydrodynamic-interaction func-
tionsin terms of A is very useful because in many software
libraries there exist fast implementations of elliptic
integrals based on Carison’s forms. On the other hand,
performing the substitution ¢ = (1 + u)~!/2, one arrives at
expressions that are more convenient for even dimensions

d:

dd-2) 1, t*° (1_1
d-1 Y9 \/det E

where we introduced the second-rank tensor E(t) =1-(1
- a)t2. For the function K(s) one obtains the following
representation:

_—(d- 2)(d+1) ¢d-1 ( "
K dt
abr = Sy VB T

_'(E B + BBy + EQ;EED) (A7)

where ,8,v,6 = 1,2,...,d. Equations A6 and A7 constitute
the explicit representation of the hydrodynamic-interac-
tion functions H{s) and K(s) in a d = 3-dimensional space.
We have already pointed out that for odd d the integrals
contained in the hydrodynamic-interaction functions H{o)
and K(o) are related to elliptic integrals. If d is even the
integrals involved in the representations (A6) and (A7)
can be expressed in terms of elementary functions.

B. Explicit First-Order Perturbation-Theory Con-
tributions. In this Appendix we compile explicit ex-
pressions for the first-order perturbation-theory expan-
sions in the hydrodynamic-interaction parameter in the
presence of steady shear flow for the stress tensor and,
therefore, for the shear-rate-dependent viscosity, and first
and second normal-stress coefficients for Hookean chains
consisting of an arbitrary number of beads. These
expressions correspond to eqs A7-All inref8 form =0
and are the starting point for RG calculations presented
in previous sections.

We first denote the explicit representation of the
hydrodynamic-interaction function H(s,,) in d dimen-
sions:

- -t
H= 5 E’l) (AB)

A _dd=2) ) 0 200, 7(1) @ _
H@,) = YERRT (I, + 1P, + Ny 22U, + I3))S¢
gl + 1;‘13)3;1’39))]1 + I8, - IR I85 Ny + &) +
LD, - IS N - (142, - T8 18 08N e + Y
(B1)

where ¢, and S’ ("‘) are defined by (2) and (3), respectively.
For reasons that will be clear later we generalize the
integrals IV occurring in (B1) which are functions of the

shear rate and the bead numbers u and v and define the
set of integrals

® iy e ((tgpt
Oy = e (B2)

where n and k are nonnegatlve integers. Since for steady
shear flow ¢, is given by (2), the determinant of E,, = 1
-1 - a“,)t2 is a generahzatlon of the function e(y)
introduced in ref 7 in connection with the first-order
excluded-volume contribution:

det E,, = 1 + t?(28% - 2808\ 5y (B3)

[ a7

The integrals /%' can be reduced by standard methods to
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a sum of rational functions of the integrals Ig”, I§°) (nodd),
and I §°) (n even). Since the calculation of the If,k) in this
paper needs to be performed in four dimensions, one can
use the reduction formulas from ref 30, eq 2.263.1-3 and
2.264.5-8. The remaining integral I<10) may also be found
analytically (cf. eq 2.261 in ref 30). Unfortunately, these
reduction formulas are valid for nonequilibrium only.
Therefore, near equilibrium we use the following expansion

of the I'® which can be derived directly from the definition
(B2):

k) — = om -k-1/2 o (m 1)’
& ;f%( m )tz;:'(l)n+2(m+l)+1

hgm_l(x ,y)hlzl(x y) (B4)

where the limit of large Ny is already performed. The
functions h;(x,y) and hg(x,y), which for large values of Ny

are closely related to the matrices S’S,’ and Sf,,), are given

by (17) and (18). Notice that at equilibrium {8, = 0) as
well as for u = » the integrals I® are independent of k and
therefore regular:

IV = ypyy=0) = (B5)

1
n+1
Thisrelation is useful in verifying the viscometric functions
in the limit of zero shear rate (8y = 0). Performing the
long-chain limit (Vg — «) in (B1), we obtain a represen-
tation of H that was used for the evaluation of the shear-
rate dependence of the polymer contribution to the
diffusion tensor in section III.A. Notice that by means of
the reduction formulas and the expansion (B4) all integrals
incorporated into the calculations by the hydrodynamic-
interaction function H can be evaluated analytically in
four dimensions. The same is true for integrals incorpo-
rated by K(s).

We now turn to the explicit first-order contributions to
the polymer stress tensor due to hydrodynamic interac-
tions. The general result for the consistent-averaging
contribution, which s characterized by the hydrodynamic-
interaction function H(s,,), can be written in the following
form:

T
FPCA) = ﬂl X

1 nH{o(kBT)e/zN
@m)** m N H wr=llp = o]
(U + 19, + AL, + 3182 -

21, S8 + 4%, - 1)U BB, hte + 67) +

Hy T pp
4(BBT),, (201, + 21, + Ny A (I, + 150 )8 -
419, 8080 + 4, - I51)SS(BBT),) Ak +
I, - I8Nk + ¢T3 (B6)

where the Ny X (Np - 1) matrix B is defined by B,; = j /N
- 8(j — 1) and 8(x) is the Heaviside step function; i.e., f(x)
=1forx 2 0and 8(x) =0 forx <O0.

Since the representation of the hydrodynamic-inter-
action function Kio,,) is given by (A7), the first-order
contribution of fluctuations in the hydrodynamic inter-
action to the stress tensor in steady shear flow can be
constructed in exactly the same manner as worked out for
the consistent-averaging contribution. However, because
the expression becomes quite lengthy, we prefer to write

1-(¢/2)
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this contribution in the following form:

-1 nH{[ kgT\2 N
Tp(n“d = d/2 0(_ 2'”’ - ”Ie/z{‘thlv)'le +
27)4% n, H ‘:.’ful

22y (c-R2-2,, + R?-2, «") + 8)j-RD-2, ("), . (BT)

The subscript sym in (B7) indicates that the right-hand
side of (B7) must be symmetrized (alternatively, one could
symmetrize 7P(Flue) instead). The second-rank tensors

R (m=0,1,2,8,..) and Z,, occurring in (BT) are defined
as follows:
R™ = (1- 5, ) Wr™DL + 22 + W +
8\ TWOY (BS)
and
= 128K 1RO = (2 +det5,)it -

My (d__l)(d+1) By {114 [ 244 74
2i4*9).RO + det 5, (4% - {*9). RO + OV
21'f§+3) + i‘(g+5)).R‘(3,).&w - 2)\%,;,2[(2W‘(‘1”)(ig-1) _ -f‘c:-#l)) -

Sg) ng)(ifzﬂ) _ ﬁ+3)) - Sﬁ)-(lﬁ"'a) - 1-£¢:+5))_Rf3))] (B9)
where the second-rank tensors J'L’:’ appearing in (B9) are,
for steady shear flow, given by

4n) fld ¢ Lo ([ 4 (1§ _
1‘,— ¢ Ev (n+(n+2uv
¥oJ0  /detE} "

1% SD8D)24%1 - 12,50,k + «T) -

w ™y n

2I® 8O 2xT + I, SV (x + «T)? (B10)

n [ g™

and the integrals I* have been introduced in (B2).
Furthermore, one needs the auxiliary matrices Wf",’,”
max(u,v)-1

m) o
g

(BC™),; (B11)

|4 = ¥ j=mingu,0)

Notice that the MT) are regular, not symmetric functions
of u,v. Both the calculation of the explicit expressions of

the Wf{:‘) (m=0,1,2,3,4) and the expressions themselves
are very lengthy. We have carried out these calculations
in the limit Ny — «. This allows us to rewrite the sum
occurring in the definition (B11) and the sums containing
in the mth power of the Kramers matrix C,-’}' into integrals
which have been evaluated analytically. However, we
suppose that for m = 3 it is mote convenient first to di-
agonalize the Cj, before evaluating the relevant matrices

M’f). Notice that the diagonalization of the Kramers
matrix corresponds to the introduction of Rouse modes
which have been used in the RG study of the polymer
stress tensor in ref 35.

Equations B6 to (B11) are the basic results of this
Appendix and hold for arbitrary space dimension d. In
the special case d = 4 we obtain explicit expressions that
are needed for the RG calculation of the viscometric
functions presented in the previous sections of this paper.

References and Notes

(1) Doi, M.; Edwards, S. F. The Theory of Poiymer Dynamics;
Clarendon: Oxford, England, 1986.
(2) Rouse, P. E. J. Chem. Phys. 1953, 21, 1271.

(3) Bird, R. B.; Curtiss, C. F.; Armstrong, R. C.; Hassager, O.
Dynamics of Polymeric Liquids. Kinetic Theory, 2nd ed.;
Wiley-Interscience: New York, 1987; Vol. 2.



494 Zylka and Ottinger

(4) Oono, Y. In Advances in Chemical Physics; Prigogine, L., Rice,
S. A, Eds.; Wiley: New York, 1985; Vol. LXI, pp 301-437.

(5) Freed, K.F.Renormalization Group Theory of Macromolecules;
Wiley: New York, 1987.

(6) Ottinger,H.C.;Rabin, Y.J. Non-Newtonian Fluid Mech. 1989,
33, 53.

(7) Ottinger, H. C. Phys. Reu. 1989, A40, 2664.

(8) Ottinger, H. C. Phys. Rev. 1990, A41, 4413.

(9) Zimm, B. H.J. Chem. Phys. 1953, 24, 269. A corrected version
of this paper can be found in: Hermans, J. J. Polymer Solution
Properties, Part II: Hydrodynamics and Light Scattering; Dow-
den, Hutchinson and Ross: Stroudsbourg, PA, 1978; p 73.

(10) Yamakawa, H. Modern Theory of Polymer Solutions; Harper
and Row: New York, 1971; Chapter VI.

(11) Oono, Y. In Polymer-Flow Interaction; AIP Conference Pro-
ceedings No. 137; Rabin, Y., Ed.; AIP: New York, 1985; pp
187-218.

(12) des Cloizeaux, J.; Jannink, G. Les Polymeéres en Solution, Leur
Modélisation et leur Structure; Ed. Physique: Les Ulis, 1987.

(13) Ottinger, H. C. J. Chem. Phys. 1987, 87, 6185.

(14) Ottinger, H. C. AICRE J. 1989, 35, 279.

(15) Ottinger, H. C. Colloid Polym. Sci. 1989, 267, 1.

(16) Rabin, Y. Europhys. Lett. 1988, 7, 25.

(17) Rabin, Y.; Wang, S. Q.; Freed, K. F. Macromolecules 1989, 22,
2420.

(18) Ottinger, H. C. J. Chem. Phys. 1987, 86, 3731.

(19) Ottinger, H. C. J. Chem. Phys. 1989, 90, 463.

(20) Rabin, Y.; Wang, S. Q.; Creamer, D. B. J. Chem. Phys. 1989,
90, 570.

Macromolecules, Vol. 24, No. 2, 1991

(21) Puri, S.; Schaub, B.; Oono, Y. Phys. Rev. 1986, A34, 3362.

(22) Oono, Y.; Freed, K. F. J. Chem. Phys. 1981, 75, 1009.

{23) Onuki, A. J. Phys. Soc. Jpn. 1985, 54, 3656.

(24) Rabin, Y.; Kawasaki, K. Phys. Rev. Lett. 1989, 62, 2281.

(25) Rabin, Y.; Ottinger, H. C.; Kawasaki, K. In Macromolecular
Liquids, Proceedings of MRS Meeting, Boston, 1989.

(26) Zylka, W.; Ottinger, H. C. J. Chem. Phys. 1989, 90, 474.

(27) Zylka, W. Gaussian approximation and Brownian dynamics
simulations for Rouse chains with hydrodynamic interaction
undergoing simple shear flow, preprint.

(28) Magda,d.J.; Larson, R. G.; Mackay, M. E. J. Chem. Phys. 1988,
89, 2504.

{29) Wedgewood, L. E.; Ottinger, H. C. J. Non-Newtonian Fluid
Mech. 1988, 27, 245.

(30) Gradshteyn, 1. S.; Ryzhik, I. M. Table of Integrals, Series, and
Products, 4th ed.; Academic Press: New York, 1980.

(31) Carlson, B. C. Numer. Math. 1979, 33, 1.

(32) Ottinger, H. C. J. Non-Newtonian Fluid Mech. 1987, 26, 207.

(33) Ottinger, H. C.; Rabin, Y. J. Rheol. 1989, 33, 725.

(34) Wang, S. Q. Phys. Rev. 1989, A40, 2137.

(35) Baldwin, P. R.; Helfand, E. Phys. Rev. 1990, A41, 6772.

(36) In ref 35 the authors actually start with the coupled Langevin

equations which are then simplified in order to obtain the time-

independent steady-state Fokker-Plank equation and the
polymer contribution to the stress tensor. Since these simpli-
fications are closely related to those discussed in ref 33, the
investigations of Baldwin and Helfand in ref 35 are even more
comparable to our approach than to that of Wang (cf. ref 34).



